Bell conjectured that a positive Wigner function does not allow violation of the inequalities imposed by local hidden variable theories. A requirement for this conjecture is "when phase space measurements are performed". We introduce the theory-independent concept of "operationally local transformations" which refers to the change of the switch on a local measurement apparatus. We show that two separated parties, performing only phase space measurements on a composite quantum system with a positive Wigner function and performing only operationally local transformations that preserve this positivity, can nonetheless violate Bell's inequality. Such operationally local transformations are realized using entangled ancillae.
Quantum theory makes only probabilistic predictions in the description of nature. Since the seminal gedanken experiment by Einstein, Podolsky and Rosen (EPR) [1] , there had been a long debate whether one can go beyond probabilities and arrive at a deterministic description of nature. Bell has shown that theories which base on the two assumptions of realism and locality have to fulfill certain inequalities [2] . Realism assumes the existence of "hidden variables" which determine the properties of physical systems prior to and independent of measurements. Locality assumes that these properties cannot be influenced by space-like separated events. Bell's inequalities are violated by quantum mechanical predictions for entangled states, and under reasonable assumptions numerous experiments have disproved local realism. Entanglement also plays a decisive role in the new field of quantum information, where quantum correlations are exploited to perform classically impossible tasks (e.g., quantum cryptography and quantum communication complexity [3] ).
To construct a local hidden variable model for correlation measurements on two particles, it is necessary to find a positive probability distribution over their local hidden variables. One might think that such a model is constructed by finding a representation of the state in terms of a positive probability distribution of phase space variables (position and momentum). However, it has been argued that the existence of such a distribution is not a sufficient condition for satisfying Bell's inequality [4] . Rather, one has to also restrict oneself to certain measurement observables (phase space measurements).
We will explain the necessary conditions for the existence of a local hidden variable model using the Wigner quasi probability distribution (which can be negative in general) and the historic example of the (non-normalized) entangled EPR state
Here, x and p denote position and momentum, x 0 is a constant, and indices label the two particles. Bell conjectured that this state does not violate Bell's inequality imposed by local hidden variables due to the fact that-although the state is entangled (non-separable)-its Wigner function [5] 
is positive in the whole phase space [2] . Here, x 1 , p 1 , x 2 , p 2 can serve as local hidden variables with W being a positive probability distribution, and correlations can be computed via suitable integration over the Wigner function. Accordingly, no Bell inequality can be violated. The EPR states can be experimentally realized e.g. via two-mode squeezed states [6] . While Bell's conjecture is true for phase space measurements, it has been shown that nevertheless there are certain other measurements for which local realism can be violated although the state has a positive Wigner function [4, 7, 8] . (One example is the parity measurement of the number of photons in the two-mode squeezed state.) The reason is that "[t]he Wigner representations of quantum observables cannot be in general interpreted as phase space distributions of possible experimental outcomes. [...] This enables violation of Bell's inequalities even for quantum states described by positivedefinite Wigner functions." [4] Consider the expectation value of correlations of outcomes a and b for given local measurements,
where p(a, b) is the joint probability for the respective outcomes. This correlation can in general be obtained by E = dx 1 dp 1 dx 2 dp 2 A(
where It is still questioning whether the positivity of the Wigner function and using phase space observables are sufficient ingredients to claim whether the system is genuinely classical. This is an important question since it might be related to the recent dispute on the power of nuclear magnetic resonance quantum computation. It is claimed that a system in a highly noisy statistical mixture can be used as a resource for quantum computation [10] . Although all states involved in the experiment have a local realistic model, one can exploit the fact that the transformations between the states are essentially quantum mechanical, not having any classical description [11] . This implies that the describability of a prepared system in terms of local realism may not rule out its usefulness as a resource for quantum information processing.
Throughout the paper, we will use the term "local transformation" in an operational meaning. It is defined theoryindependently and refers to the change of a switch on a local measurement apparatus. A general measurement at one observer side can be understood as a concatenation of a corresponding (operationally) local state transformation and a fixed measurement (in the computational basis). Naively, one would assume that if one has a local hidden variable model for a quantum state and one applies only operationally local transformations, no Bell inequalities can be violated. We will show that this is wrong.
We present an explicit example of a quantum state with a positive Wigner function and operationally local transformations that keep this positivity, as well as a fixed phase space measurement on each side, which nevertheless allows to violate Bell's inequality. This demonstrates that even the conjunction of (i) positivity of the system's Wigner function, (ii) fixed phase space measurements, and (iii) operationally local transformations preserving the positivity of the system's Wigner function is not sufficient to claim the possibility of a local realistic model. The trick here is that although the quantum state itself has a local hidden variable model, the used operationally local transformations are completely positive (CP) maps which can only be simulated in the hidden variable model via non-local transformations. Such a situation is achieved by exploiting additional entangled particles (called "ancillae" in quantum information theory).
We will now derive a Bell inequality in terms of local phase space transformations in local realistic theories, and our results can therefore be understood as a "Bell theorem for local transformations". These theories are based on two postulates: (I) Realism: Systems have well-defined properties prior to and independent of measurement. (II) Locality: The properties on one side are independent of any (space-like) separated events-in particular of operationally local transformationson the other side.
Consider two separated observers, usually called Alice and Bob, who measure the phase space observables A i and B j (i, j = 1, 2) of a system with positive Wigner function W. The expectation value of the correlation reads
with z 1 = (x 1 , p 1 ) and z 2 = (x 2 , p 2 ) the shortcuts for the local hidden variables (e.g. position and momentum) of Alice and Bob, respectively. Note that in local phase space measurements the outcomes depend only on the position and momentum of the local particles. Eq. (1) represents a local realistic model for phase space measurements on a bipartite quantum state with a positive Wigner function, or the classical average of products under phase space measurements on two classical particles. Taking dichotomic observables A i and B j , the Clauser-Horne-Shimony-Holt (CHSH) inequality [12] reads
The correlation A i B j W can also be established by performing operationally local transformations, which-within local realistic theories-have the form
followed by measuring fixed phase space observables (no index) A(z
2 )):
2 ). (4) In eq. (4) W i j (z
2 )) is the Wigner function of the state after the invertible local transformations S i and T j , and J i j is the determinant of the Jacobian of this transformation. The equivalence of eqs. (1) and (4) is closely related to the equivalence of active and passive transformations. Here it is crucial that within local hidden variable models the operationally local transformations (3) are local transformations of the hidden variables, i.e. z
is not a function of z 2 and z
is not a function of z 1 . Taking again dichotomic observables A i and B j , allows to rewrite the CHSH inequality in the form
We will show that four positive Wigner functions allow to violate the CHSH inequality for fixed phase space quantum measurements, even though they remain positive throughout the transformations. Note that this is different from choosing four positive arbitrary Wigner functions f i j for which the above inequality with the terms AB f i j can always be violated. The point is that the functions W i j in (5) are obtained by operationally local transformations.
Consider the mixture of coherent stateŝ
where |α denotes a coherent state of complex amplitude α [13] and 1 and 2 label Alice and Bob's particle respectively.
For large |α|, the two states |α and |−α become almost orthogonal as (1)). Note that all quasi probability distributions for the separable state (6) are positive, and therefore the results of this work are representation-independent.
In a Bell experiment, Alice and Bob measure the local quadratures (as a phase space measurement) and assign either the value +1 or −1 depending on the sign of the quadrature. Thus, Alice' observable isÂ(θ) ≡ Sign[x θ ] wherê x θ = cos θx + sin θp is the quadrature operator (along the angle θ) withx andp the position and momentum operator [14] . The explicit form of the measurement operator iŝ
where |x θ is eigenstate of the quadrature operatorx θ . We assume that Bob measures his system with the same type of measurementB(ϕ). The correlation between Alice and Bob takes the form A i B j = Tr[Â(θ i )B(ϕ j )ρ 0 ] which can be used for the CHSH inequality. Now we will show that one can violate the CHSH inequality under operationally local transformations. The initial state (6) can be transformed into the statê
withρ 1 ≡ 1 2 (|α,−α α,−α| + |−α,α −α,α|), and where θ i and ϕ j denote local parameters for the operationally local transformations and are controlled by Alice and Bob, respectively. It is not immediately obvious how this state can be generated but we will discuss this later. It is straightforward that the positivity of the Wigner function of the transformed stateρ(θ i , ϕ j ) is preserved since
]} which has only positive contributions. As under the transformations the state remains separable and also with positive Wigner function, one could naively characterize this transformation as classical.
Contrary to this intuition, we will show that W 11 , W 12 , W 21 , and W 22 allow to violate the CHSH inequality (5). The correlation function for the state (7) with fixed ("position left/right") phase space measurementsÂ ≡Â(0) and
2 (α r ) with α r ≡ Re(α). It is notable that the correlation function cannot be factorized into individual parts for Alice and Bob. The CHSH expression C(θ 1 , θ 2 , ϕ 1 , ϕ 2 ) ≡ AB 11 
With a proper choice of the local parameters, e.g.
violates the CHSH inequality when α r > 0.9957. Thus, we can conclude that operationally local transformations applied on a quantum state with a positive Wigner function can violate a Bell inequality, even though they keep the positivity of the Wigner function. To simulate the violation, at least one of the transformations between the four Wigner functions modeled by the hidden variables must be non-local, i.e. cannot be written as in eqs. (3) but only as z
We demonstrate that it is not possible to realize the set of transformations leading to a violation by local quantum operations (allowing classically correlated ancillae at both sides). Let us first consider the case where only Alice performs a general operation on her particle and Bob does nothing on his particle. Then, the transformation from (6) to (7) can be described by a positive operator-sum representation at Alice's sideL Neither the phase flip nor the bit-phase flip operation can produce the transformation as they would introduce non-diagonal elements [3] . After the operation, the state becomes L 
However, the composition of the local operations by Alice and Bob does not transform the initial state into (7), i.e.
for arbitrary local parameters θ i and ϕ j . This shows that the initial stateρ 0 , eq. (6), cannot be transformed into the statê ρ(θ i , ϕ j ), eq. (7), by any local quantum operations possibly assisted by classically correlated ancillae.
We now show how the state transformation can be obtained by local quantum operations assisted by entangled ancillae. Note that such a quantum operation is an operationally local transformation. Let us assume that in addition to the initial stateρ 0 Alice and Bob share an entangled state |ψ 34 = 1 √ 2 (|00 34 + |11 34 ) where the subscripts 3 and 4 denote the qubit ancillae belonging to Alice and Bob, respectively. Then, Alice rotates her original particle (label 1) together with her ancilla (label 3) by the following local unitary operation
where the matrix basis is {|α, 0 13 , |α, 1 13 , |−α, 0 13 , |−α, 1 13 }. Bob applies the similar unitaryÛ 24 (ϕ j ) to his particle (label 2) and ancilla (label 4). Then the initial stateρ 0 is transformed to where Tr 34 denotes the partial trace over the ancillae. (In general, operationally local transformations are represented in quantum mechanics as in eq. (9) using CP-maps instead of unitaries as well as general initial states of the system and the ancillae.) Thus the required transformation and the violation of the CHSH inequality can be achieved via operationally local transformations only if they involve entangled ancillae. Note that the measurements are performed on the particles 1 and 2 only and not the ancillae.
In Fig. 1 , the Wigner functions W i j (β 1 , β 2 ) for the state (7) are plotted (as a function of the real parts of β 1 , β 2 ), for the transformations (θ i , ϕ j ) with i, j = 1, 2 and (θ 1 , θ 2 , ϕ 1 , ϕ 2 ) = (0, π/4, π/8, −π/8). We chose |α| = 2 which corresponds to an overlap | α |−α | 2 ≈ 10 −7 . All four Wigner functions are positive and thus individually allow a local realistic description of phase space measurements. Obvious local transformations of the hidden variables (β 1 , β 2 ) that bring W 11 to W 12 and W 11 to W 21 are identities. Since then, local realistically, the transformation from W 11 to W 22 has to be the identity as well, all four Wigner functions would have to be the same. However, quantum mechanically, W 22 is different from the other functions. The violation of the CHSH inequality (5) for the position left/right measurement shows that no local transformations of the hidden variables exist that can reproduce all four Wigner functions.
It is usually assumed that no violation of Bell's inequality is possible for composite systems with positive Wigner function and phase space measurements. This is because the Wigner function itself can serve as a probability distribution of local hidden variables. Here we showed that this statement should be taken with care. Implementing transformations that keep the positivity of the Wigner function of a composite system at all times, we have demonstrated that a Bell inequality can be violated performing phase space measurements. This is possible by exploiting entangled ancillae for the transformations and the total Wigner function of the composite system and the ancillae is negative. The important point is that the transformations-even if they are assisted with entangled ancillae-are operationally local in the sense that they are implemented in a laboratory by a switch on a local measurement apparatus. If one wants to model such operationally local transformations in a hidden variable model, one would require non-local transformations of the hidden variables.
